Chern insulator or quantum anomalous Hall state is a topological state with integer Hall conductivity but in absence of Landau level. It had been well established on various two-dimensional lattices with periodic structure. Here, we report similar Chern insulators can also be realized on the quasicrystal with 5-fold rotational symmetry. Providing the staggered flux through plaquettes, we propose two types of quasicrystalline Chern insulators. Their topological characterizations are well identified by the robustness of edge states, non-zero real-space Chern number, and quantized conductance. We further find the failure of integer conductivity but with quantized Chern number at some special energies. Our study therefore provide a new opportunity to searching topological materials in aperiodic system.
Introduction.-Chern insulator (CI) or Quantum anomalous Hall (QAH) state is a topological state with non-zero Chern number but without symmetry protection. Unlike the conventional integer quantum Hall state with highly degenerated Landau level realized under strong magnetic field at low temperature[1], the CIs have no Landau levels and have zero net flux, and therefore have attracted much interest in recent years. Haldane model is the first CI model established on the honeycomb lattice with the staggered flux [2] , and had been experimentally realized in the ultra-cold atomic system [3] . So far, CIs had been successively constructed on various periodic lattice by introducing flux, including the checkerboard-lattice model [4, 5] , the lattice-Dirac model [6] , the kagomé-lattice model [7] [8] [9] [10] , the Lieblattice model [11] [12] [13] , the ruby-lattice model [14] , the triangular-lattice model [15] , the star-lattice model [16] [17] [18] , the square-octagon-lattice model [19, 20] , etc. In principle, the topology of CIs with translational symmetry can be well characterized by the topological invariant -the Chern number or TKNN index [21] , which integrates the Berry curvature over the first Brillouin zone of the lattice with periodic boundary conditions. The chiral edge states emerge on the open boundary of CIs according to the bulk-edge correspondence. These CIs are all constructed on the crystal lattices with the periodic structure and will be referred as crystalline CIs below. Recently, the topological states in crystal have been extended to some special geometries, such as the fullerenes [22] , the Möbius surfaces [23] , and the singular lattices [24, 25] . Some exotic and intriguing features are revealed, such as the fractional charge near the singularity and many branches of edge excitations [24, 25] . The crystalline topological insulators with some special crystalline symmetry protection are further proposed, for example, the topological crystalline insulators with certain crystal point group symmetry [26] . Those crystalline topological states substantially enrich the families of topological insulators, and open up a new window for electronic devices. Very recently, significant improvement of searching for topological materials efficiently based on the crystal symmetries are developed [27] [28] [29] , and thousands of candidates are predicted. Whether similar topological states can be established on the lattice beyond the periodic lattice is surely interesting.
Quasicrystal is a structure with long-range ordered atomic arrangement but without translational symmetry, firstly discovered in the aluminum-manganese alloy with five-fold rotational symmetry in 1984 [30] . In fact, the conception of quasicrystals with five-fold rotational symmetry has a long history far before their experimental discovery. Some designs had been proposed in the early 16th century, such as the Dürer's pentagonal tiling [31] , Keplers tiling [32] and Penrose pentagon pattern [33] . The Dürer's tiling is one of the simplest patterns, consisting of only diamonds and pentagons. Recently, some topological states in two-dimensional quasicrystals have been proposed, such as the Hofstadter butterfly under the uniform magnetic field [34] [35] [36] , the weak topological superconductors [37] , the quantum spin Hall states [38, 39] , the high order topological states [40, 41] , and even the topological photonic states [42] . Some real-space topological indices have been developed to characterized the topological nature of these systems without translational symmetry, such as the Kitaev formula [43] , C ⋆algebras [44] , the local Chern marker [34, 45] , the realspace formulation of weak invariant [37] , and the spin Bott index [38, 39] , etc.
In this paper, we propose quasicrystalline CIs in Dürer's tiling with disk geometry. Two kinds of quasicrystalline CIs are constructed by imposing the flux on the plaquettes of either the diamonds (Type-I) or nonadjacent pentagons (Type-II). These quasicrystalline CI states are identified by the non-zero real-space Chern number, and the robust gapless edge states. We further check the topology of quasicrystalline CIs by the integer conductance. Interestingly, a failure of conductance plateau but with non-zero real-space Chern number at special Fermi energy is observed in Type-I quasicrystalline CI, where a core state emerges at the center of quasicrystalline CI lattice. Our study enriches the Chern insulators, and opens up a new window to search the topological materials beyond crystal. The staggered flux is −5φ for the non-edge-shared pentagons (shadow), and +3φ for the remaining pentagons and +2φ for diamonds (bright), respectively. The adopted gauge is explicitly shown by arrows, which introduce an additional phase factor ±φ for part of the nearest neighbor hopping process.
Models.-The 2-dimentional quasicrystal lattice we adopted is the Dürer's tiling with 5-fold rotational symmetry in a disk geometry, consisting of the pentagons and diamonds as shown in Fig. 1 . To realize the non-trivial topological state, the inequivalent staggered flux is introduced on the polygons of the quasicrystal lattice. There are different ways to construct the quasicrystalline CIs, here we show two typical types. Type-I ( Fig. 1(a) ): the staggered fluxes are imposed on all diamonds (shadow), and all the pentagons (bright) except the central pentagon (green) with specified magnitude, respectively; Type-II ( Fig. 1(b) ): the staggered fluxes are imposed on all the non-edge-shared pentagons (shadow), and the remaining pentagons and all the diamonds (bright) . A special gauge (arrows in Fig. 1 ) is adopted, producing additional phase factor ±φ in part of the hopping process between the nearest neighbors. The physical properties are insensitive to the selected gauge. We have checked that the total flux in the whole disk is exactly zero if the regular pentagon shape in Type-I and equal number of cycles of shadow and bright areas in Type-II is considered, slightly differing from the Haldane model with zero flux in a unit cell [2] . It should be reminded that the central pentagon in Type-I quasicrystal model (green pentagon in Fig. 1 (a) ) is special, where the additional phase factor on all bonds is missing.
The real-space Hamiltonian of these two types of quasicrystalline CIs is therefore given by
where a † r (a r ) creates (annihilates) a particle at vertex (site) r, rr ′ runs over all the nearest neighbor sites, and ♦, rr ′ ′ denotes the next-nearest-neighbor sites in each diamond. φ r ′ r is the phase difference between the nearest-neighbor sites as shown in Fig. 1 . Here, we set the nearest-neighbor hopping t as unit. Since the Hamiltonian is 5-fold rotational invariant, the angular momentum is a conservation with good quantum number L (L = 0, 1, 2, 3, 4). In analogy to the Haldane model in absence of Semenoff mass [2] , the CIs in quasicrystal proposed here is induced by the staggered flux. Similar CIs had also been realized on the crystalline lattice model, such as the Kagome-lattice [20] and star-lattice model [18] .
Topological properties.-To investigate the topology of the above constructed quasicrystal lattice models, we first show the single particle energy spectra in Fig. 2 with 980 vertexes. The gapped bulk states with gap about t, and the gapless edge states are observed in both type quasicrystal lattice models, in agreement with the the general features in spectra of CI with periodic structure under the open boundary condition [24] . The robust edge states are further manifested by the space distribution of wave functions ( Fig. 2) (b) and (c)), which is mainly localized near the boundaries. Interestingly, some additional energies emerge in the bulk gap (blue lines in Fig. 2 (a) ) in Type-I quasicrystal model. The space distribution of the wave function analysis indicates that they well locate at the center, i.e., the core states. As mentioned above, the flux phase vanishing in the central pentagon in Type-I quasicrystal system, these core states are indeed the inner "edge states" around the central pentagon. This is quite similar to the core states found in crystalline CI with singular lattices [24] . In contrast, no additional core states are observed in Type-II quasicrystal model due to the perfectness of pentagons. Comparison with the energy spectra in the crystalline CIs, we believe the designed quasicrystal systems are quasicrystalline CIs. The topological characterization of quasicrystalline CIs can be further identified by the Chern number in the system with time inversion symmetry breaking. Unlike the crystalline CI with periodic lattice, we have to calculate the Chern number in real-space due to the translational symmetry breaking. There are some proposals to compute the real-space Chern number [34, [43] [44] [45] . Here, we show the results obtained from the Kitaev formula [43] (Appendix A), and the local Chern number maker (Appendix B). The Kitaev formula is expressed as
The disk of quasicrystal lattice is now cut into three distinct neighboring regions arranged in the counterclockwise order shown in insert in Fig. 3(a) . j, k, l denote the vertex (or site) in A, B and C regions, respectively.P is the projection operator defined up to Fermi energy E F , i.e.,P = En<EF |φ n φ n |, and P jk = En<EF φ n (r j )φ n (r k ) * the matrix elements ofP with φ n (r j ) = j|φ n . The real-space Chern number is independent of the choices of the A, B and C regions [46] .
According to the Kitaev's proposal in Eq. (2), the number C is closely related to the Fermi energy, i.e., C ≡ C(E F ). We show the real-space Chern number for two types of quasicrystalline CIs as functions of the Fermi energy with fixed 980 vertexes in Fig. 3 . Substantial plateaus of quantized real-space Chern number emerge in both types of quasicrystalline CIs when the Fermi energy E F locates in the bulk gap. There are two plateaus in Type-I, and one plateau in Type-II quasicrystalline CI, well consisting with the bulk gap in respective type. To get insight into the Chern number plateaus, we enumerate four specified E F at the fixed energy shown in the spectra (Fig. 2(a) ). The corresponding real-space Chern number is C b = 0.9991, C c = 0.9979, C d = 0.9989, and C e = 0.9724, respectively. These Chern numbers are nearly perfect integer except C e , where the core state energy is close to the bulk band. The real-space Chern number is robust against the selected size of quasicrystal lattice in bulk (details see Appendix A). It should be reminded that the Chern number is a topological invariant, and should be an integer, i.e., C = 0 for trivial and C = 0 for non-trivial state. The non-integer C in the metallic state just corresponds to the non-quantized Hall conductivity, and is therefore not a topological invariant.
We also check the real-space Chern number by local Chern number marker scheme, the averaged Chern number in large enough bulk is about 1±0.05, weakly depending on the selected area (more details see Appendix B). Such uncertainty, stemming from the significant inequivalance between the diamonds and pentagons, is directly related to the highly inhomogeneous local Chern number in present quasicrystalline CI models. This is in sharp contrast with the crystalline CIs with equal unit cell, for example, the honeycomb lattice [2] and Kagomé lattice [24] . It also differs from the previous suggested qua- Fig. 2 (a) ) are specified. Insert schematically shows three distinct neighboring regions in the bulk of quasicrystal lattice illustrated in the Kitaev formula as discussed in text. (b) Type-II quasicrystalline CI. There is only one Chern number C ∼ +1 plateau. The adopted parameters are same as Fig. 2. sicrystal model constructed by uniform diamonds, where the local Chern number is homogeneous in bulk [34] . However, the average Chern number in large bulk area remains nearly integer, manifesting topology is rather a global property. Similar inhomogeneity is also observed in the densities of many-particle integer filling in the lowest Chern band (Appendix D), which can be further understood by the fact that the number of "bands" cannot be directly associated with the number of atoms in a "unit cell". Therefore, the inhomogeneity in present quasicrystal models is an intrinsic feature. In this sense, the Kitaev formula is more robust in present cases since it treats the system globally.
Transport property.-The integer Hall conductivity is another hallmark of the chiral edge states in CIs, and can be directly identified by the transport measurements. The quantum transport for the non-trivial states have attracted extensive attentions [37] [38] [39] [47] [48] [49] due to its potential applications in electronic devices.
Here, we perform the quantum transport simulations by using the Kwant. Kwant is a software package for quantum transport and has been widely used to explore transport properties [37, 49] . In this toolkit, the conductance G for a disk geometry can be computed between the left lead (L) and the right lead (R) ( Fig. A3 in Appendix C) based on the Landauer-Büttiker formula [50] [51] [52] [53] ,
where S mn is the scattering matrix and |S mn | 2 denotes the probability that a carrier transmits from the mth incoming mode at the left lead to the nth outgoing mode at the right lead (more details see Appendix C). However, we can not directly calculate the transverse conductance in disk geometry as that for a multi-terminal rectangular geometry or by using the standard Kubo formula. The conductance (G) as functions of the Fermi energy (E F ) for type-I quasicrystalline CIs is plotted in Fig. 4(a) . We add the left and right leads at the edges of the quasicrystal lattice with 980 vertices (sites). Nearly perfect plateaus with quantized conductance G = e 2 /h are observed, in well agreement with the real-space Chern number. The observed conductance quantization in such a two-lead disk geometry can be explained by the formation of a chiral edge channel along the disk edge, and the integer conductance plateau here corresponds to the number of edge channels. Surprisingly, the quantized conductance is significantly broken down at some special E F , though the corresponding real-space Chern number remains integer. The corresponding E F is exactly at the energy where the core state located. This failure of quantum conductance is robust against the system size, and cannot be removed by enlarging the quasicrystal lattice (Appendix C), indicating an intrinsic feature for core states.
To get an insight into the breakdown, we show the distribution of the local density of states (LDOS) at specific energies obtained by the Kwant. The LDOS is well located around the center for E F at the core state energy ( Fig. 4 (d) and (e)), while it mainly located at the edge for other energies in the bulk gap. In fact, the LDOS discussed here reflects the distribution of moving electrons at the Fermi energy when voltage difference is applied on the leads (Appendix C). The electrons are blockaded by the insulating bulk and edge (white area) in Fig. 4  (d) and (e)), resulting in the failure of quantized conductance. In contrast, they can move dissipationlessly along the edge in Fig. 4 (b) and (c) ), preserving the integer conductance.Similar breakdown is also observed in timereversal symmetry protected topological insulators with magnetic [54, 55] or nonmagnetic [56] impurities due to strong backscattering or antiresonance, but is never reported in the crystalline CI systems. We believe that the breakdown of conductance quantization should be also found in the CI lattices with singularities [24] . In comparison, this failure is not observed in type-II quasicrystalline CI due to the absence of the core states (Appendix C).
Summary and discussion.-We propose two types of quasicrystalline CIs by elaborately imposing staggered flux on disk geometry with 5-fold rotational symmetry in Dürer's pentagonal quasicrystal. Our study therefore enriches the family of CIs, and provides new opportunity to search for topological materials beyond the crystal. The topological properties of these two types of quasicrystalline CIs are well identified by the robust edge states, the non-zero real-space Chern number, and are further checked by the quantized conductance through electronic transport simulations. Interestingly, some core states emerge in the Type-I quasicrystalline CI, where the flux phases vanishing in the central pentagon. These core states cause transmission blockade when the Fermi energy locates at the core states energies, leading to the failure of conductance quantization.
To realize the proposed Chern-insulator states in quasicrystal, a potential way is the ultra-cold atomic system, in which the Haldane model had been experimentally realized [3] . The quasicrystalline Chern-insulator states may also be simulated by the designed photonic system, in which the topological phase transition [57] and fractal topological spectrum [42] had been reported. The higher-order topological insulators in quasicrystal was recently proposed to be mapped into an electrical-circuit lattice [41] , providing new feasibility to realize non-trivial topological states. Recently, a dodecagonal quasicrystal was realized in twisted bilayer graphene with 12-fold rotational symmetry [58] , creating new opportunity to find the potential quasicrystalline Chern insulators.
In the main text, we construct two types of quasicrystalline Chern insulator in disk geometry with 5-fold rotational symmetry in Dürers tiling quasicrystal. Here, we show some details about the real-space Chern number calculated by the Kitaev formula [43] and the local Chern marker [45] for the quasicrystalline CIs, the local density of states through the transport property and some exotic features of particles filling in the Chern band. Differing from the previous CI states in crystalline systems with equivalent unit cell, there are significant inhomogeneities in present quasicrystalline CIs due to the inequivalence of the elemental shapes between the diamonds and pentagons, such as the local Chern markers in the bulk sites, the many-particle densities.
A. Real-space Chern number -Kitaev formula
Chern number, integrating the Berry curvature over the first Brillouin zone, is well defined in the crystalline CIs with periodic structures. In comparison, the realspace Chern number is developed due to the invalidity of Chern number in the translational symmetry breaking system. Here, we show some details about the real-space Chern number using the Kitaev formula [43] . The quasicrystal lattice should be cut into three distinct neighboring regions (A, B and C) arranged in the counterclockwise order. We circle the bulk around the center with radius r. The number C with varying radius r for two types of quasicrystalline CI is shown in Fig. A1 . C is far from 1 for smaller radius r < 8, and tends to be a non-zero quantized plateau for larger radius r > 8. Furthermore, the integer real-space Chern number is robust against the size of quasicrystal lattice if large enough bulk is selected. Since the Kitaev formula treats the bulk as a whole, the corresponding real-space Chern number is indeed a globally invariant number for the bulk, and is in well agreement with the Chern number obtained from the momentum-space. The bulk topological invariant for quasicrystalline CIs can also be calculated by the local Chern marker introduced by Bianco and Resta [45] . The details about the general definition of the real-space Chern number C and the Chern marker in quasicrystal lattice model have been proposed previously [34, 45] . Here, we directly apply the expressions of the local Chern number defined at the lattice site r i [34] ,
where
Here r i |ψ λ = ψ λ (r i ) is the real-space wave function at the site r i with energy E λ , E F is the Fermi energy. We plot the local Chern number C(r i ) in Fig. A2 (a) with fixed the Fermi energy E F = −1.764 located in the lower bulk gap in Type-I quasicrystalline CI. The local Chern number C(r i ) is highly inhomogeneous even in the bulk. This inhomogeneity stems from the inequivalence between the elemental shapes of the Dürers tiling quasicrystal -the diamonds and pentagons. Similar inhomogeneity can also be found in Type-II quasicrystalline CI. The present inhomogeneity is in sharp contrast with the previous crystalline CI model with same unit cell, such as the Haldane model, where the local Chern number in bulk is homogeneous and equals to 1 (Fig. A2 ) (b). It also differs from the previous constructed quasicrystal lattice with uniform diamonds, where the local Chern number is almost 1 [34] . The averaged Chern number C D in bulk for the quasicrystalline CI lattice can be defined as
where A D = πr D 2 is the area of of the selected region D with radius r D in bulk. Here, we show a typical value of the averaged Chern number in the disk with radius r D = 10.706 shown in Fig. A2(a) . The averaged Chern number C(r D ) is 0.9996, nearly perfect integer. However, this averaged Chern number is not stable with C D ≈ 1 ± 0.05, weakly depending on the selected region. In this sense, the real-space Chern number calculated by the Kitaev formula is more robust than the local Chern marker scheme. The former treats the bulk globally while the latter locally instead. In Fig. A3 (a) , we schematically illustrate the process of the transport simulation by the Kwant. Two leads (L and R) are set at the edge of the quasicrystal lattice. The conductance is therefore calculated by the Landauer-Büttiker formula [50] [51] [52] 
Here |S mn | 2 is the transmitting probability for a carrier from the mth incoming mode at the left lead to the nth outgoing mode at the right lead with S mn the scattering matrix. This formula as well can be described by the Greens function method, i.e., [52, 53] . The conductance for Type-II quasicrystalline CI is shown in Fig. A3  (b) . Due to the absence of the core state, the conductance plateau well matches the previous plateau in real-space number ( Fig. 3 in main text) . On the other hand, we show the breakdown of the quantized conductance with E F at the core state energy though the real-space Chern number remains integer ( Fig. 4 in main text) . Here, we further show that such failure of quantized conductance is robust against the size of quasicrystal lattices in Fig. A4 . Therefore, it is an intrinsic property of core states, and cannot be eliminated by enlarging the system size.
D. Many-Particle States
The filling of free spinless fermions in crystalline CIs can be constructed based on the single-particle states and the Pauli principle [24] . Here, we show the manyparticles states with free spinless fermions filling in the Chern bands in quasicrystal lattice in quasicrystalline CIs. The density of many particles can defined as
Interestingly, the many-particle densities with near 1/4 filling are not flat around the center of the disk for both types of quasicrystalline CIs (Fig. A5) , i.e., the many particle densities are inhomogeneous. We also include the many-particle density as function of bulk area with fixed E F in Fig. A5(b) . For Type-I quasicrystalline CI, we choose two Fermi energies below and above the core state energy (E = −1.8802), E 1 = −1.887 and E 2 = −1.764. For Type-II quasicrystalline CI, we choose the Fermi energy in the bulk gap. All exhibit significant inhomogeneity. In comparison, the many particle density is homogeneous in bulk for the crystalline CIs, such as honeycomb and Kagomé lattice. As mentioned above, the inhomogeneity originates from the inequivalence between the diamonds and pentagons in present quasicrystalline CIs. The number of "bands" cannot be directly associated with the number of atoms in a "unit cell". FIG. A5. (color online). Inhomogeneous many-particle density of quasicrystalline CIs. (a) Many-particle density of quasicrystalline CIs with different sizes of the quasicrystal lattice (300, 500, 600, and 980 sites, respectively). For comparison, the many-particle density with particles filling the low energy band (1/2 filling, or 1/3 filling, for Haldane, and Kagomé, model, respectively) is homogeneous in crystalline CIs (Haldane, Kagomé, etc). (b) Many-particle density of two types of quasicrystalline CIs with fixed 300, 500, 600 and 980 sites. For the Type-I quasicrystalline CI, we show two kind of filling with occupying the core states or not.
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